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Optimized laser pulse profile for efficient radiation pressure acceleration of ions.
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The radiation pressure acceleration regime of laser ion acceleration requires high intensity laser
pulses to function efficiently. Moreover the foil should be opaque for incident radiation during
the interaction to ensure maximum momentum transfer from the pulse to the foil, which requires
proper matching of the target to the laser pulse. However, in the ultrarelativistic regime, this leads
to large acceleration distances, over which the high laser intensity for a Gaussian laser pulse must be
maintained. It is shown that proper tailoring of the laser pulse profile can significantly reduce the
acceleration distance, leading to a compact laser ion accelerator, requiring less energy to operate.
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I. INTRODUCTION
With the rapid development of laser technology, the interaction of high intensity laser pulses with matter has become
a major focus of research both theoretically and experimentally. This interaction can lead to a compact source of
high energy electrons, ions, and high frequency radiation with a broad range of applications. In particular the laser
driven acceleration of ions has attracted a lot of attention recently due to the fact that these ions may be used for
fast ignition [1], hadron therapy [2], injectors for conventional accelerators [3], and radiography of dense targets [4].
One of the most efficient regimes of laser ion acceleration is the radiation pressure acceleration (RPA, which is also
often referred to in the literature as "laser piston" and "light sail") regime [5]. This regime is based on the receding
relativistic mirror concept, i.e. when the laser pulse is reflected by the co-moving mirror its frequency is downshifted
by 4γ2, where γ is the Lorentz factor of the mirror. Thus, in the case of relativistic motion, almost all the laser
pulse energy can be transferred to the mirror, (1 − 1/4γ2)EL, where EL is the incident laser pulse energy. The idea
goes back to the papers by Lebedev and Eddington [6], Veksler [7] and has a close analogy, which was emphasized in
many papers on the subject, to the "light sail" scheme for spacecraft propulsion [8]. If a solid density foil is utilized
as such a mirror, then under the action of the laser pulse radiation pressure the foil will be accelerated to an energy
proportional to the laser pulse energy, which makes this scheme of acceleration highly efficient. For the ultra-high
laser intensities, radiation friction effects may become important, which was studied in Refs. [9]. Also in the case of
the nonrelativistic motion it was shown that this regime provides an efficient mechanism of laser ion acceleration [10].
There are experimental results that indicate the onset of the RPA regime in laser driven ion acceleration [11].
Usually this acceleration mechanism is considered theoretically assuming total reflection of the laser pulse, i.e.,
the interaction conditions are such to ensure the maximum efficiency. However the inclusion of the finite reflectivity
of the foil changes the results [12–14], and moreover enables one to identify the optimal thickness of the foil, which
maximizes the energy of ions. In addition to laser ion acceleration [5, 16, 17], several regimes of laser-foil interaction,
including the RPA, can be used to produce relativistic mirrors. These mirrors were first introduced in the laser-gas
target interactions, where it was shown that a breaking plasma wake wave is able to reflect the counterpropagating
radiation in a form of intense high frequency electromagnetic pulse [19]. In the case of a laser-foil interaction these
mirrors are also able to generate high-frequency intense radiation by reflecting the counterpropagating laser pulses
[20]. In the latter case the properties of the relativistic mirror would also depend on the foil reflectivity.
In this paper we study the optimization of the RPA regime of laser ion acceleration, based on the analysis of the
electromagnetic wave reflection by the thin foil. It is well known that in order to ensure high efficiency of acceleration
the foil should be opaque to the laser radiation. However, opaque foils should either have high density or be rather
thick, or both. This would increase the number of ions in the irradiated spot, thus decreasing the energy that
the laser can transfer per ion. Therefore the most efficient acceleration should happen at the threshold of the foil
transparency/opacity, which is governed by the reflection coefficient. At this threshold the foil is opaque for radiation,
but this opaqueness is ensured by the minimum possible number of ions. Moreover, for relativistic energies of the
foil, the effect of relativistic opacity increases the effectiveness of acceleration. As the foil is accelerated to relativistic
energies it becomes less transparent to radiation, i.e., relativistically opaque. The notion of the relativistic opacity is
analogous to the notion of the relativistic transparency [21], which is widely used in studying ion acceleration from
thin foils, where the increasing laser vector-potential (quiver motion of the electrons) makes the foil relativistically
transparent (for example, see [22]). We show that by utilizing a laser pulse with a properly tailored intensity profile
it is possible to maintain the optimal acceleration conditions during the entire interaction, i.e., the accelerated foil
2will be at the threshold of opacity/transparency for the incident laser pulse at each instant in time. This would lead
to a significant reduction of the acceleration time, which will reduce the requirements on the laser pulse, providing a
way to a more compact laser ion accelerator. We note that the idea of laser pulse tailoring for reducing the effects of
Rayleigh Taylor instability that accompany the RPA of thin foils was first discussed in Refs. [12, 13]. For example,
consider the acceleration of protons by the RPA to the energy of 10 GeV by a 100 fs laser pulse. According to the
results of [5] (assuming total reflection) the acceleration time is about 10 ps and the acceleration distance is 3 mm.
Such long acceleration distance poses a technological challenge, since it would be extremely difficult to have a very
high intensity laser system that would provide a Raleigh length of the order of several millimeters. Another way of
maintaining high intensity during the acceleration of the foil over the distance of several millimeters would be the
utilization of some external guiding structure, which would ensure the laser pulse propagation without diffraction.
However, in this case the group velocity of the laser pulse will be limited to the values smaller than the speed of
light, and thus the ion energy will be limited to this group velocity [23]. Therefore the profiling of the incident laser
pulse offers a way to compact laser ion accelerator with relaxed requirements on the total laser pulse energy needed
to achieve certain accelerated ion energy.
It is well known that the motion of the foil under the action of the laser pulse radiation pressure is described by
the equations (we set c = 1 below throughout the paper) [5]
dp
dt
=
K |EL[t− x(t)]|
2
4πnel
(1 + p2)1/2 − p
(1 + p2)1/2 + p
, (1)
dx
dt
=
p
(1 + p2)1/2
, (2)
where ne is the electron density in the foil, l is the thickness of the foil, and the foil momentum p is normalized to the
ion rest energy mi. The laser pulse electric field is denoted as EL[t− x(t)], where x(t) is the position of the foil. The
parameterK = 2|ρ|2+|α|2comes from the formula for the radiation pressure, which is the sum of reflected, transmitted
and incident electromagnetic (EM) wave momentum fluxes: P = (E′2L /4π)(1+ |ρ|
2−|τ |2), where ρ and τ are reflection
and transmission coefficients respectively. The energy conservation in this case implies that |ρ|2 + |τ |2 + |α|2 = 1,
where α is the absorption coefficient. By introducing α we include the fact that part of the incident EM wave energy
may be absorbed by the foil. Then P = (E2L/4π)(ω
′/ω)2K, where ω is the laser frequency. Here primed variables
correspond to the moving foil reference frame. The reflection coefficient is in general a function of p(t) and of t, x(t)
through its nonlinear dependence on the laser pulse amplitude, a(t). In deriving Eq. (1) it is assumed that the foil
acceleration is rather slow such that at each time moment there is an inertial reference frame in which the foil is at
rest. The radiation pressure is then obtained from the balance of momentum fluxes of incident, transmitted, and
reflected pulses in this frame.
The solution of Eqs. (1)-(2) [5] in the case when the reflection coefficient does not depend on the foil momentum is
p =
1
2
(
h0 +Wρ −
1
h0 +Wρ
)
, (3)
where
Wρ =
2Fρ
nel
, and Fρ =
ψ∫
−∞
|ρEL(η)|
2
4π
dη. (4)
Here ψ = t − x(t) is the phase, h0 = p0 + (1 + p
2
0)
1/2 is the integration constant, and p0 is the initial momentum of
the foil. In this expression Wρ has the meaning of the reflected EM wave fluence divided by the area density. We
should note here that Wρ is not the fluence of the laser pulse, but the fluence of the laser pulse fraction which will be
reflected at the foil and which is determined by the reflection coefficient.
Note that the reflection coefficient of the foil is not a relativistic invariant, but depends on the momentum of the
foil. Even if the foil was partially transparent to the radiation initially, while it is accelerated it becomes less and
less transparent for the co-propagating radiation. Thus at some velocity the receding foil becomes opaque for the
radiation, providing more and more efficient momentum transfer from the laser pulse to the foil. This is one of the
reasons why the RPA regime is so effective in the relativistic case.
The paper is organized as follows. In section 2 we review the results on the thin foil reflectivity and discuss the
dependence of the thin foil reflection coefficient on the laser pulse intensity and the properties of the foil. We study the
solutions of the equations governing the RPA regime of ion acceleration with reflection coefficient taken into account,
as well as their dependence on the laser pulse intensity and the properties of the foil, in section 3. We also analyze
the numerical solutions of these equations. In section 4 we discuss the optimal laser profile, based on the solution of
equations of motion. We conclude in section 5.
3II. REFLECTIVITY OF A THIN FOIL
Following Ref. [24] in this section we derive expressions for the reflectivity of a thin foil. A thin foil, i.e. with the
thickness much less then the radiation wavelength, interacting with the EM wave is described by the wave equation
for the dimensionless vector-potential a(x, t) of the EM wave (a = eA/me, where me and e are the electron mass and
charge respectively). The initial conditions a(x, 0) = a0(x) and ∂ta(x, 0) = ∂ta0(x) describe the incident EM wave at
the foil. It is also assumed that the current is localized in the foil, thus (∂2x − ∂
2
t )a(x, t) = 4πδ(x)J(a), where δ(x) is
the Dirac delta function. The solution of the wave equation can be obtained using the d’Alembert formula:
a(x, t) = a0(x, t) + 2π
t−|x|∫
0
J[a(0, τ)]dτ. (5)
If we set x = 0, we obtain an integral equation for the field inside the foil. Differentiating both sides of Eq. (5) over
t and employing the explicit form of the current, J[a(0, t)] = ǫ0a(0, t)/2π
(
1 + a2(0, t)
)1/2
, yields
da(0, t)
dt
+ ǫ0
a(0, t)
(1 + a2(0, t))
1/2
=
da0(0, t)
dt
, (6)
where the dimensionless parameter ǫ0 is given by
ǫ0 = π
nel
ncrλ
. (7)
Here ne is the electron density of the foil, l is the thickness of the foil, ncr = meω/4πe
2 is the critical plasma density,
ω and λ are the laser pulse frequency and wavelength respectively. The parameter ǫ0, first introduced in [24], plays an
important role in the theoretical description of the EM wave interaction with solid density foils and, in particular, in
connection to the ion acceleration. If the incident wave has the form a0(x, t) = a0(x− t) exp[i(x− t)] and is circularly
polarized, then we can search for a solution in a form
ay + iaz = b(t) exp(iθ). (8)
If we assume that b(t) and θ(t) are slowly varying functions of time, then setting db(t)/dt = 0 and dθ(t)/dt = 0 we
obtain the approximate solution of Eq. (6)
b = 2−1/2
{[
(a20 − ǫ
2
0 − 1)
2 + 4a20
]1/2
+ a20 − ǫ
2
0 − 1)
}1/2
, (9)
θ = − arccos (b/a0) . (10)
Rewriting the Eq. (6) in terms of the dimensionless electric field, i.e., e = −da/dt, we obtain for the transmitted
wave
et(x, t) = e0(x, t) + ǫ0
a(0, t− |x|)
(1 + a2(0, t− |x|))
1/2
, (11)
and, consequently, for the reflected wave we have
er(x, t) = −ǫ0
a(0, t+ |x|)
(1 + a2(0, t+ |x|))1/2
. (12)
Thus we obtained the amplitude of the transmitted wave in the case of the EM pulse interaction with a thin foil
(l ≪ λ). This expression can be used to calculate the efficiency of the RPA regime of laser ion acceleration, since the
reflection of the laser radiation at the accelerating foil is the key effect driving this mechanism. The amplitude of the
reflected wave is obtained by substituting the expressions (8,9,10) into the equation (12),
ar = ǫ0
{[
(a20 − ǫ
2
0 − 1)
2 + 4a20
]1/2
+ a20 − ǫ
2
0 − 1)
[(a20 − ǫ
2
0 − 1)
2 + 4a20]
1/2
+ a20 − ǫ
2
0 + 1)
}1/2
. (13)
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FIG. 1: (a) The dependence of the reflection coefficient, ρ, on a0 for given ǫ = 20, 50, 100; (b) The dependence of the reflection
coefficient, ρ, on a0 for given ǫ = a0.
In the two limiting cases of opaque (a0 ≪ ǫ0) and transparent (a0 ≫ ǫ0) foil we find
ar =


ǫ0a0
(1 + ǫ20)
1/2
, a0 ≪ min [1, ǫ0]
ǫ0 −
ǫ0
2a20
, a0 ≫ max [1, ǫ0] .
(14)
Analyzing the form of the reflected wave amplitude given by Eq. (13) we obtain that the threshold of opac-
ity/transparency corresponds to the condition a0 ≈ ǫ0. This result is connected with the fact that the current
in the foil is limited by a finite number of electrons in the foil with velocity < c. The regime when almost all the
incident radiation is reflected by the foil starts at a0 ≈ ǫ0. In this case the reflected wave amplitude is
ar(ǫ = a0) = a0
[
(1 + 4a20)
1/2 − 1
(1 + 4a20)
1/2 + 1
]1/2
, (15)
which for a0 ≪ 1 gives ar ≈ a
2
0, and for a0 ≫ 1 gives ar ≈ a0. In Fig. 1 we show the dependence of the reflection
coefficient, ρ = ar/a0, on a0. For a0 < ǫ0 it is constant, ρ ≈ 1, and for a0 > ǫ0 it decreases as a
−1
0 . This means that
as a foil becomes transparent for radiation, there is still a reflected wave, though its amplitude is decreasing as the
amplitude of the incident wave goes up. In the case of ǫ0 = a0, the reflection coefficient quickly rises from zero to
almost unity as the amplitude of the incident wave grows (see Fig. 1b).
III. MATCHING THE TARGET AND THE LASER PULSE FOR OPTIMAL ACCELERATION
In the previous section we considered the interaction of a foil with an EM pulse in the frame of reference where the
foil is at rest. In what follows we are interested in the interaction of a receding foil with the laser pulse. In this case
in order to be able to use the formulae obtained in section II we should make a substitution ǫ0 → γǫ0, where γ is the
Lorentz factor of the foil. Thus as the foil is accelerated, the parameter ǫ0 grows, making the foil opaque for radiation
when its velocity reaches some threshold value.
Let us consider two limiting cases (a0 ≫ γǫ0 and a0 ≪ γǫ0) of laser pulse interaction with a thin foil in the RPA
regime. In these cases the equation of motion can be written in the following form:
dp
dt
=
me
mi
ǫ0γ
2 γ − p
γ + p
, a0 ≫ γǫ0 (16)
dp
dt
=
me
mi
a2
ǫ0
γ − p
γ + p
, a0 ≪ γǫ0. (17)
Equation (16) indicates that in this limit the final energy of ions does not depend on the laser pulse amplitude, but
depends on the properties of the target. It is connected with the mentioned above fact that the magnitude of the
current in the foil is limited by the total number of electrons in the irradiated spot, and thus the amplitude of the
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FIG. 2: The distribution of the maximum ion kinetic energy in the (a0, ǫ0) plane for different laser pulse durations: 30 fs (first
row), 50 fs (second row), and 100 fs (third row). The 3D plots of the distribution are shown in (a,d,g), contour plots are shown
in (b,e,h). The contours correspond to the following values of the ion energy: 30 fs pulse duration - (0.2, 0.4, 0.6,...,3.0), 50 fs
pulse duration - (0.4, 0.8, 1.2,...,8.0), and 100 fs pulse duration - (1.5, 3.0, 4.5,...,30.0). The lineouts of the distribution at a0 =
200 (1), 160 (2), 120 (3), 80 (4), and 40 (5) are shown in (c,f,i). The ion energy is measured in the units of ion rest energy.
reflected pulse is also limited. However as ǫ0 increases so does the current in the foil, which leads to the increase of
the reflected pulse amplitude and subsequently to the increase of accelerated ion energy. It can also be seen from the
solution of equation (16), which in the limit (me/mi)ǫ0τ ≪ 1 has the form p ∼ (me/mi)ǫ0τ , where τ is the duration
of the laser pulse in units of wave period. The solution of (17) is given by (3) and (4), where ρ = 1 andWρ is rewritten
in the following form: Wρ =
∫ τ
−∞(me/mi)(a(η)
2/ǫ0)dη to show the dependence on ǫ0. Thus we have two limiting
cases of a0 ≫ γǫ0 and a0 ≪ γǫ0, in the first case the energy of ions grows with the increase of ǫ0, while in the second
case it goes down with the increase of ǫ0. This means that there should be a maximum of ion energy for a given value
of a0, i.e. for each value of the laser pulse amplitude there is an optimal thickness of the target, which maximizes the
accelerated ion energy.
In order to find this maximum we solve the equations of motion (1, 2) numerically. We consider RPA by a finite
duration laser pulse. The longitudinal profile of the pulse is chosen to be Gaussian. The vector-potential has the
form a(ψ) = a0 exp(−4ψ
2/τ2), the laser wavelength is λ = 0.8 µm, and the ions are chosen to be protons mi = mp.
The foil is characterized by the parameter ǫ0, which was varied from 1 to 200. The amplitude of the laser pulse
vector-potential was varied from 1 to 200, several laser pulse durations were considered, from 30 fs to 100 fs. The
results of the numerical solution of the equations of motion are shown in Fig. 2. We varied the vector-potential of the
pulse and the parameter ǫ0 of the foil. For each pair (a0, ǫ0) we solved the equations of motion, obtaining the final
energy of the laser accelerated thin foil. In Fig. 2 in the first two columns the distributions of the final ion energy
in the (a0, ǫ0) plane are shown for the pulse durations of 30 fs, 50 fs, and 100 fs. These distributions indicate the
existence of an optimal value of the parameter ǫ0, which maximizes the energy of ions, for each value of a0. It can be
seen more clearly from the third column in Fig. 2, where the ion energy dependences on parameter ǫ0 for several fixed
values of a0 are shown. It can be seen from the contour plots that for small values of ǫ0 the contours of equal energy
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FIG. 3: The curves in the (a0, ǫ0) plane, along which the maximum ion energy is achieved.
are almost horizontal, i.e. the accelerated ion energy does not depend on the laser pulse amplitude and is determined
by the value of parameter ǫ0. It corresponds to the limit a0 ≫ γǫ0, described by Eq. (16). Whereas for large values
of ǫ0 the ion energy increases with the increase of a0, which corresponds to the limit a0 ≪ γǫ0, described by Eq. (17).
If, using the results shown in Fig. 2, we plot the points (a0, ǫ0) corresponding to the maximum ion energy for fixed
a0, then for each laser pulse duration we will get the curve ǫ0 = ǫ0(a0). These curves are shown in Fig. 3. It can be
seen that for small a0 the curves approximately follow an ǫ0 = a0 line. The smaller is the energy in the pulse (i.e.,
the smaller is the duration of the pulse) the longer the curve follow the ǫ0 = a0 line. This is connected with the fact
that for low energy laser pulses the ions are accelerated by RPA to nonrelativistic energies. Such dependence for the
optimal laser ion acceleration from thin foils was reported in Ref. [25]. As the laser pulse duration is increased and
more energy is transferred from the laser pulse to the foil the curve ǫ0 = ǫ0(a0) begins to deviate from the ǫ0 = a0
line. Thus the optimal acceleration is achieved at such values of a0 and ǫ0 that ǫ0 < a0. Also the ions for such values
of ǫ0 and a0 are accelerated to relativistic energies. Such behavior of the interaction indicates that the accelerated foil
is opaque for incident radiation, which ensures almost total reflection and consequently the maximum energy transfer
from the pulse to the foil. Thus the regime of relativistic opacity manifests itself in laser ion acceleration from thin
foils in the RPA regime. The curves ǫ0 = ǫ0(a0), shown in Fig. 3, indicate how the amplitude of the laser pulse should
be matched to the parameter ǫ0 of the foil to ensure optimal conditions for laser driven ion acceleration.
IV. LASER PULSE PROFILING FOR OPTIMAL ACCELERATION
It is plausible to assume that the condition of the laser pulse matching to the foil should be in the lab frame of the
form a0 = γǫ0, which corresponds to the threshold of the moving foil opacity/transparency. Such condition will ensure
the maximum momentum transfer from the laser to the foil, since the foil is opaque for radiation, also the opacity
will be maintained by the minimum possible number of ions, thus increasing the energy per ion value. However in
the case of the laser pulse with gaussian longitudinal profile, considered in the previous section, such a condition can
not be maintained during the entire acceleration process. In what follows we solve the equations of motion of a foil
accelerated by the laser pulse radiation pressure in order to find the laser pulse profile which would ensure that the
condition a = γǫ0 is maintained during the acceleration process. We rewrite the Eq. (1) in the following form, taking
into account that the condition a = γǫ0 should be maintained at every time instant of the acceleration process,
dp
d(ωt)
= ǫ0
me
mi
ρ2γ2
γ − p
γ + p
, (18)
where ω is the frequency of the laser pulse, and the reflection coefficient, from Eq. (15) with a = γǫ0 is
ρ =
[
(1 + 4γ2ǫ20)
1/2 − 1
(1 + 4γ2ǫ20)
1/2 + 1
]1/2
. (19)
The solution of the equation of motion, Eq. (18), can be written in quadratures:
ǫ0
me
mi
ωt = F (p), (20)
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FIG. 4: (a) The dependence of the accelerated ion energy on time for ǫ0 = 25, 50, 100 from bottom to top; (b) The profiles
of the laser pulses for ǫ0 = 25, 50, 100, which are able to maintain the condition a = γǫ0 during the acceleration process,
from bottom to top. Dotted vertical lines denote the position of ψ∗ for each of the three values of ǫ0: ψ∗(ǫ0 = 25) = 31.8,
ψ∗(ǫ0 = 50) = 15.3, and ψ∗(ǫ0 = 100) = 7.2; (c) The dependence of the accelerated ion energy on time for a profiled laser
pulse (solid line) and for a pulse with EL = constant (dashed line) for ǫ0 = 50. The ion energy is measured in units of ion rest
energy.
where
F (p) =
∫ p
0
dp′ρ−2γ−2(γ′ + p′)/(γ′ − p′). (21)
In the limit t → ∞ the solution to Eq. (20) is p ∼ t. Such time dependence is in striking difference with a case of
constant amplitude laser pulse, considered in Ref. [5], where p ∼ t1/3. Hence the acceleration time for the profiled
pulse should be less than in the case of a uniform profile.
Equation (18) can be solved numerically. The results of the numerical solution are shown in Fig. 4 for different
values of the parameter ǫ0. As in the previous section we choose the ions to be protons, mi = mp. In Fig. 4a one
can see the dependence of the accelerated ion energy on time. As it could be expected from Eq. (20) the dependence
is linear. In Fig. 4b the temporal profiles of the laser pulse, corresponding to the condition a = γǫ0, are shown. All
the curves demonstrate similar behavior. They have a singular point at some t = ψ∗, which is determined by the
parameter ǫ0. In order to compare a profiled pulse case with a pulse having a constant field strength, EL = constant,
we present Fig. 4c, where the dependence of the ion energy on time is shown for these two cases. It takes several
orders of magnitude more time to reach the same energy for the constant pulse then for a profiled one. Thus the
utilization of profiled pulses will reduce the acceleration time.
In order to study the behavior of the profiled laser pulse, let us consider a limiting case of ultrarelativistic ion
energies. In this case p≫ 1, ρ = 1, and
p =
1
2
ψ∫
−∞
|ρE|2dη
2πnel
. (22)
If we rewrite the condition a = γǫ0 in the form of an equation
a =
1
4
ψ∫
−∞
E2dη
ncrλmi
, (23)
then differentiating both sides of this equation with respect to the wave phase ψ and expressing a in terms of the
electric field, we obtain the following differential equation:
dE
dψ
=
eE2
2mi
. (24)
The solution of (24) is
E =
E0
1− ψ/ψ∗
, (25)
where E0 = 2πenel is the initial field amplitude, determined by the properties of the foil, and
ψ∗ =
2mi
eE0
=
mi
me
2
ωa0
(26)
8is the maximum duration of the pulse, since at ψ = ψ∗ the electric field goes to infinity. The solution, Eq. (25),
demonstrates the same behavior as the numerical solution of Eq. (18), i.e. the singularity at ψ = ψ∗. The analytical
estimate of the value of ψ∗ is in reasonable agreement with the result of the numerical solution of the equation of
motion, Eq. (18). This form of the pulse is a special case of a profile considered in Ref. [12], E ∼ (1 − ψ/ψm)
−α,
where α and ψm are free parameters. Such a profile, according to the results of Ref. [12] suppresses the development
of the Rayleigh Taylor (RT) instability that can tear the foil apart transversely and effectively stop the acceleration.
Thus the profile (25,26) not only optimizes the acceleration but also suppresses the RT instability.
We note that the optimal profile (25,26) is stable in a sense that for a profile very close to it, E ∼ [1 − ψ/(ψ∗ +
dψ∗)]
−(1+dα), where dψ∗ ≪ 1 and dα ≪ 1, the condition a(t) = γ(t)ǫ0 is maintained with the accuracy up to the
terms linear in dψ∗ and dα, which increase logarithmically with time.
If we consider the case of a profile different from an optimal one (25,26), E ∼ (1 − ψ/ψm)
−α, where ψm 6= ψ∗
and α 6= 1, the condition a(t) = γ(t)ǫ0 can not be maintained at each time instant during the interaction even
approximately. For α > 1, a(t) < γ(t)ǫ0, which means that the foil is opaque to radiation, but this opaqueness is
not maintained by the minimal possible number of ions. This will reduce the maximum energy of each individual
ion. In the case α > 1, a(t) > γ(t)ǫ0 and the foil at some point will become transparent for radiation, reducing the
acceleration efficiency.
Let us compare the acceleration times in the case of a profiled laser pulse and in the case of a constant amplitude
laser pulse. The energy in both cases is set to be the same. The duration of the profiled pulse is denoted as τlas and
of constant amplitude pulse as Tlas. For constant laser energy Tlas = τlas/(1− τlas/ψ∗).
We can rewrite the second equation of motion, Eq. (2), in terms of the phase ψ
dψ
dt
=
2
(h0 +Wρ)2 + 1
. (27)
Then in the case of EL = constant we obtain
t =
1
2
(h0 + 1)ψ +
1
2
h0κ
2ψ2 +
1
6
κ2ψ3. (28)
Here we tookWρ in the formWρ = κψ with κ = 2E
ρ
L/Nimi, where E
ρ
L is the energy of the incident laser pulse fraction,
which is reflected by the foil, and Ni is the total number of ions in the irradiated spot. For t→∞ we obtain for the
time of acceleration the following expression:
Tacc ≈
1
6
W 2ρ τ
′
las. (29)
In the case of a profiled laser pulse the time of acceleration is different:
tacc =
W 2ρ
2
ψ2∗
τ2las
(
1−
τlas
ψ∗
)
τlas. (30)
In order to compare the acceleration times in the two mentioned above cases we calculate their ratio:
Tacc
tacc
=
1
3
(
τlas/ψ∗
1− τlas/ψ∗
)2
. (31)
This ratio can also be written in terms of laser pulse energy:
Tacc
tacc
=
1
3
(
EL
E∗
)2
, (32)
where E∗ = (E
2
0/4π)πR
2ψ∗ is some characteristic energy, which corresponds to the energy of profiled laser pulse with
the duration half of maximum one, τlas = ψ∗/2, or to the energy of a constant amplitude laser pulse with the duration
of ψ∗. Thus we see that for τlas > ψ∗/2 there is a significant reduction of the acceleration time in the case of a profiled
laser pulse. If τlas = 0.9ψ∗, then tacc ≈ 10
−2Tacc. This means that the utilization of the profiled laser pulses can
significantly reduce the length of laser ion accelerators operating in the RPA regime.
V. CONCLUSIONS
We studied the behavior of the radiation pressure acceleration (RPA) regime of laser ion acceleration in the case
of the laser pulse interaction with ultra-thin foils of solid density. Particular attention was paid to the contribution
9of the foil reflectivity to the process of acceleration in terms of maximum achievable ion energy and the efficiency
of acceleration. The analysis was performed in terms of two parameters: the amplitude of the laser pulse vector-
potential, a0, and the parameter ǫ0 [24], which governs the transparency/opacity of the foil, i.e. for a0 > ǫ0 the foil
is referred to as transparent and for a0 < ǫ0 the foil is referred to as opaque, assuming that the foil is stationary
(nonrelativivstic).
Based on the analysis of the electromagnetic wave reflection by a thin foil, we studied the matching of the laser pulse
to the properties of the foil so that the interaction of the laser pulse with the foil would provide optimal conditions
for ion acceleration in the RPA regime. We showed that for small values of a0 and ǫ0 the accelerated ion energy is
maximal when a0 = ǫ0, which is in agreement with the results of Ref. [25]. However as a0 and ǫ0 increase, the relation
between them, which provide maximum accelerated ion energy, begins to deviate from a0 = ǫ0 to such values of a0
and ǫ0 that a0 > ǫ0. This behavior indicates that onset the regime of the relativistic opacity. The foil accelerated to
relativistic energies becomes opaque for the co-propagating electromagnetic wave, even if it was transparent when it
was at rest. Thus the relativistic opacity provides maximum momentum transfer from the laser pulse to the foil.
The analysis of the reflection coefficient of a thin foil indicates that the optimal acceleration conditions, which
provide maximum ion energy, are ensured when the interaction of a laser pulse with the foil happens at the threshold
of the foil opacity/transparency. Or, in other words, the foil is opaque to radiation, but this opacity is provided by
minimum possible number of ions. Thus the momentum transfer from the pulse to the foil is maximal and also the
energy per ion in the irradiated spot is maximal.
For the relativistic foil the condition of the laser pulse matching to the foil, or the threshold of opacity/transparency,
is of the form a0 = γǫ0. However, in the case of the laser pulse with Gaussian longitudinal profile, this condition
can not be maintained during the entire acceleration process. We solved the equations of motion of a foil accelerated
by the laser pulse radiation pressure in order to find the laser pulse profile which would ensure that the condition
a = γǫ0 is maintained during the acceleration process and found that it is of the form E = E0/(1 − ψ/ψ∗), where
ψ = t−x(t) is the phase of the pulse and ψ∗ is given by the Eq. (26). Such form of the pulse, according to the results
of [12] also suppresses the development of the RT instability, which is important for the RPA regime. We showed that
the matching of the laser pulse profile leads to significant reduction of the acceleration time and thus acceleration
distance. This is a critical parameter for the RPA scheme of laser ion acceleration, since the acceleration distance is of
the order of the required Rayleigh length for the high intensity laser systems. Therefore the incident laser pulse of the
form described in this paper offers a reasonable approach to compact laser ion accelerator, with relaxed requirements
on the total laser pulse energy needed to achieve certain accelerated ion energy.
We appreciate support from the NSF under Grant No. PHY-0935197 and the Office of Science of the US DOE
under Contract No. DE-AC02-05CH11231 and No. DE-FG02-12ER41798.
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